
Sets



Lef: A set is a collection

of elements (or objects) -

If x is an
element of

a

XES .

Set S ,
then we

write
-
s

read : "X is
in

If x is not
an
element of a

write x S
.

we -

set S ,
then

read ; "X is
not in S"

-

Ex : S = 20 , 10 ,
- 13

OES

lo - S

-

⑭- I ES
e

2AS
-SS



: There is no ordering

on the elements
of a set .

Thus ,

30, 10, - 14
= E 10 , 1

,
03

for example.

Also , sets
cannot have

duplicate entries .

For example you
can't have

E1 , 0, 13
as

a
set



EX'
- set of

natural

# = 5 1
,
2
,
3
,
4
,
5
,

6
,
7
,... numbers

#2000s-3 , 2, 1, 0,
1
,
2
,
3
, 0003-Seter

Generalwasto describee-to

be in the
set

read : "Where
that

"

"Such

E↳set of "given"
rational

#S

Q = ) #/4 ,7
are integers and q+03

= , - 37141 % 00]



Ex : SEQ EQ
-

set

#

-

R = & x/ x has
a decimal

expansions

T
= El - Ez , 1 . 003

set of
realU 'numbers

3 . 14159...



Ref: Let A and B be sets .

We say that
B is a subset

of A
,

--

and write BEA,
if every element

of B is also an element of
A.

B
Some
people
Write -O DiBCA
for
subset
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Ex: Let

A = 512nIne23
B =2 3k/me4].

Then
,

A = Gene , 12634 , 121-2) ,
121-1 , Indo),

12/1) ,
12 /2) , 12(3),

...3

= din , -36,
-24 , -12 ,

0
,
14

,
24
,
36 ,

...]

and

B = 4 ..., 3) - 3) , 3)
- 2
,

31 11 ,
360),

3(11 ,
3(2) , 3(3),

. 1.)

= ...
-9 ,
-6
,
-3 , 0 ,

3
,
6
,
9, ... ] .

It seems
that

A CB .

Let's prove it formally·

↳



EchiaveToshow,thatA
e

and then derive that XEB .

Ex: Show
that

E12n(nex3 = 43k)mez3

Prot
:

xe[12n(nex3 .

+

Then, x
= 12n where

nez.

x
= 3(4n) .

Let R= 41.
.

- Tnez because
Hence,

E4 , REZ and

z is closed
So
,
X = 3k .

under multiplication

Thus , x =23 R/keZ] .

Therefore , 212nInez3Ed3RIL



Defi Let A andB be sets .

-

The kn of A and B is

AVB = (x)xEA or
x + B)

* B

The intersection
of A and B is

AB = Ex)xEA and x - B3

A*
AB



Ex:

F=Er , 5 , 9 , 20, 5 / 2)
B = E - 16 , 9 , 5 / 43

AVB =Er3, 20, 512,6i
A stuff stuff

AB = 2 9 , 53



hodto showthat Ea

① Show that
AEB

② show that BEAW



Ex :
-

Le + A = E2k(keEY
and B = E3nIntRY

Prove that AMB
= &60/REKY.

proof :
-

# Let's show
ARB E[61/MEES .

Pick some
X-ARB .

Then ,
xEA and XEB

.

So ,
x = 2k

and x = 3n
where k, n

are integers

So
,
2k = 31.

(
Thus

,
3n is

even became3integer

We can't havea
being odd since

then 30 would be odd .

Codd * odd
= odd)



So n is even

Thus, n F2m
where i is an integer .

So
,
x = 3n

= 3(2m) = 6 m

so
,
x 46(lezy.

Thus
, ARB
[E6lIlERY .

E : Now let's show 260)(E23EAB
.

Le+ x - [6l(l = 23.
.

Then x = 6j
where jt E.

Thus
,
x = 2(3j) A

.

And
,
x = 3(2j) => B

30
,
x -> AMB .

Thus
,
260/1+ 3 ARB
.



Ref: Let A and B be sets.

We say
that A and B are Aint

if AMB = 4 where of is the
empty set.

-

Ex: A = E1 , 2) ARB = 0

B
=2 3, 43 So,

A and B

are
disjoint

-

Ref: Let A and B be sets.

of A and B is

The difference-

B A - B
= Ex/x->A and xfB3

O -O- &ad:"allxwesee-
A-B



not in B"

-

Notation : Some people write
ALB

-

for A-B.

-

#x: A = 21 ,
2
,
3
,
4
,

5
,
6
,
73

B = 58 , 10 ,
11
,
2
,
5
, 13

A - B =23 ,
4
,
6
,
73

B

·
B - A = 58 , 10 , 113



A - E10 , 11 , 204 = A

↑
A =E1 , 2 , 3 , 4 , 5 , 6 , 73

A - A =0left

-

Problem

-ABCbesetthen A-C = B-
: Suppose that

AEB .

that A-CCB-C .

We want
to show

Let x - A
- C

Then X-A
and x & C .

Since XEA
and AfB , we know

that XER .

Thus , X EB
and x C .LHence x - B-C .

Therefore , A-CCB-C



· Sometimes
all the

sets you are

looking
at live

inside of one big
set

.

Let's call that big
set a

"Universal set"
or
"universe"

-

Def: Let A be a set
where

W is a
universal set (So ,

AEU)

complement
of A with

-
Then the-

Lrespect to
U is In -
↳ *-III-

A = U - A
= [x/x- W and x - AY

.



Ex:

U = E 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 ,
9, 10, 11 , 123

A = 2 2 , 4 , 6 , 8 ,
10
, 123

A= U - A = 21 ,
3
,
5
,
7
,
9
,
113

-m

Theorem : (de Morgan's laws)
-

LetW be a
universal set .

Let A and B be subsets of U .

r

Then :
A

(AUB) = A'rB ↳
B

&
② (AB)= A UB-



croof :
#

Let's prove & .

You can try & .

* Let's show (AUB)'
< A'M B'

Let x -(AVB)
?

!kThen , XEU -WAUB&iand X AUB . / / ch

So
,
xEV and (AUB)

"XEAVB" is not true .

"XEA or x f B
I
is not
true .

So
,

XEV and -
2

So
,
X-W and X &A and xAB . S

Thus , XEA
* Floequivalent

and x E B! (- P)and(-Q)

So
,

Xe A'B' .&means not
Therefore

, (AUB)' [A'B?



&: Now let's show AB'I (AUB)?

Let y -> AlB?

So
, y -

A' and yeB' .
logic

So
, y

-> U and y #A
and y #B sure

Thus , yeU
and y #AUB

So
,
ye (AUB)

?

Thus ,
A'B' I (AUB)

By and & we have (AUB) = ArB

⑭

-

Another way to prove :-
C-xE(AUB)

iff X-U and XAUB

iff xeU and X & A and xfB



iff X - A and X EBS

iff XEAB?

Thus
,
(AVB)= A'B' .Jo



Lef: Let A and B be sets.

TheArtesianproduct
of

A and B is

AxB =((a,b))acA and be B)

Note : (a, b) is
called an

ordered

↳-pair .

Order matters
for (a , b)

People have proposed various
set

definitions for (a ,b) .

For exampleWone is (a , b) = [ a ,
[a , b3)



Ex: A = 4 1
,
5
,
93

B =2 4 , 93

AxB = 2(1 , 4), (1 , 9), (5,
4)
,

(5 , 9) ,
(9 , 4) , 39 , 913

BXB = [ (4 , 4) , (4 , 9) , (9 , 4) , 19 ,9)
Ingeneral,

if S and T
Note :
-

are finite
sets , then

1SXT 1 = /51 . /T
-
means site Ye
of Sx T



Ex:

& = E ... 4 , -
3
,
-2ge 1

,
0
,
2, 2 , 3,

4, 1113

& -203 = Nin. -4 ,
- 3
,

- 2
,
-1
,

1
,
2
,
3, 4 ...

Le + S = 2x(z - 203) .

Then ,

3 = 2(a ,b))a ,
beR and b + 04

= ((0 ,2) ,
( - 1 , 7) , (3 ,

- 1) , ...)
↑

relemore



Ex : Let A
,
B
,
C be sets

.

-

Prove that AX (BMC) = (AXB)(AXC)
.

croof :I
-

: We first
show that

AX(Bnc) [(AxB)n(Axc)
.

Let Xe
Ax(BRC) .

Then, x = (m , n) where
meA and neBRC

.

Since NEBRC
we

know nEB
and neC

.

Thus , (m ,
n)EAXB since

meA and neB

and (m,n)
EAXC since

me A
and nt C .

= (m ,

n)-(AXB)1(AXc) .
Hence , X

# : Now we
show
that

(AXB)n(Axc)
[AX(Bnc) ,

Let ye(AXB)n(Axch
.

Then , ye
AXB and ye AXC .

So, y
= (0, 4) where

OeA and ptB
and pe C .



Since P-B and pEC we know peBC .

Thus
, y = (0,

p)-Ax(Bn) .

#

--



#f: Let A be a set .

set
We define the power--

of A to be the set

of all subsets
of A

,

that is

P(A) =&BEAlm

Power o A B where
BEA



Ex: A = 21 , 23

Subsetsof A)
F

empty set is
& a subsetC313 set[ of every

223 i
MENTARY
--

[1 , 23
-

SET means :

Fx)If x ES, thenxet)
-

IP(A)) = 4
[ ↑ ET means :

E IAL

(x(If Xe 4 , then xet)
= z

=

2
↓
yE

-(A) =24 , [13 , 223 , 21 ,23)



Ex: B = 25 , 2 , 13

P(B) = & 4 , [13 , 223 , 254,

33 , 23 , 32 , 13 ,

[5 , 17 , 25 , 2 , 13}

PBI= 8 = 2
=

2 B

-

The rem: If S is finite,

then10(s)) = 2
-



The rem: Let A and B

be sets . Then,
A = B

if and only if P(A)
= P(B)

.

Proof:

(Fi)) It's clear that
if

then P(A)
= P(B).

#B,

(3) Now we
must prove

"If P(A)
= P(B) , then

A = B".

Suppose P(A)
= P(B) .

To show that A = B we



will show ACB and BEA.

:A = B
-

We know A CA .

So
,
AE P(A) .

Then
,
since P(A)

= P(B)
,

we know A E P(B) .

Thus
,
AEB .

Eclaim 2 : BE
You can

do this proof
the same

way
as claim

1
,

but let's

change it up.

Let beB .

⑩↑Then
,
3b) [B .

So
, [b3E P(B)

Since P(B) = PSA) we
have [b3EP(A)



Thus , [b3 <A .

Hence be A .
-
-So

,
BCA .

By claim
1 and 2 we

know A = B

.



: When every element

of a setAt is itself a

set then We call A

A family orelection of sets.

-

# P(A) is a family

of sets .

-



#f: Let A be a non-empty

family of sets .

Define the union
over A to be
-

US = [x/xeS for someStA]
Set

= [x/ thereexistssomsis
↳

A=E5 , Sa , Ss , 543 Sz

I
/ISy
!is-



Define the intersection over A
-

to be

s = [x(x-S for all Set

disa,
sa

OUs/&
shaded blue is st



Sz

6,
83,3, 23,

32 , 7, 633
-

Se

Si

( ja& · 3

·

b ·

ZW&:· 7

Us = [1 , 2 , 3, 4 , 6 , 7 , 83
Set

-
=23



EX : I = [ 1 , 2 , 3 ,
4

, ... )E
&, E ... -2 , 1

,
0
,

1
,
2, . .

Sk

B =EIn 1 < R3/keA)
= ESn/m-N)
= ES , Sa , 33 , Sys

.. 03

and Si=EntllInkk]

s
,

= (ne 2)(n)
= 14 = 5 - 1

,
0
, 13

si = Enez/(n/ = 23
= E - 2, 1

,
0 , 1 ,23

63 = E - 3 , - 2 , - 1
,
0
,

1
,
2
, 33



Sy = E - 4 , - 3 , - 2 ,
- 1
,
0
,

1
,
2
,
3
,
43

And so on...

w
*

->Us = 2 W Sk is another way[SEB
k= 1 to write it ~

is another way
-

E15 = 4 1
,
0
,1 Sk to write it

R= 1

SEB



#f: Let I be a non-empty
set . Suppose for each

de I

there is a corresponding set Ag

The family

A = [Ax(cely
is called ani

family

of sets The set
I is

-

called the set

If LE F , then
a is called

the index
of Ax .

-



Ex: Previously we had

B = ESk/keN]
Here B is an indexed family

of sets
.

N is the index
set.

S theindex of S33-



Def: Let I be a non-empty
set .

Let A = EAal < El]

be an indexed family
of sets.

A
Define theun

there exists &EF

UAs = [X) with xeAc 3
LEF

RA =&x/*#

F-n our previous
examle

T↳
B = Esk/kE(Ny

we would write

USK = 2
and +S m

=5, e

YRE N



&: Let's make sense
of

W (c , <+ 1) and 1(c, +)
2tR

LEE

Where (4 , + 1) means
the

interval in
the real

numbers IR

IR

HaC

ec

I = 2

Ac=(,+ 1)

A= [AaldER31



A - 4 A - s Az A ,
Ao A ,

Az As Ay

IIIIIIIIIIDIDIIIIIIIIIIIII IR
- E

- 2
- 1

UA, R
- 2

LET

way
to write this

is As-

another 4 = -0

its understoodd ranges

over whole
numbers

MA = 4
N

det
-

way
to writeI As

another X = -D

its understooda ranges over

whole numbers



Them: Let A
=EAcldEI)

be an indexed family
of sets

.

Let doI
be a

fixed element.

EX :
-Then :
I = N

① As
.

E WAs do = 5

LEF AsEUC· Ac E As . MA,As
cEl LENN

profi
④ Pick some x

-> Ad

Then there exists
af I (namely

Where x -> Ax



Thus
,

there exists

x = UAc = [Y/aGF with 3
del

Therefore,

As E WAd
LEE

② You try .

⑭
-


